It is shown that the mean instantaneous intensity (MII) of a pulse propagating in an optical fiber affected by polarization mode dispersion is related to the frequency autocorrelation of the fiber's Jones matrix through a Fourier transform. A simple derivation of the diffusion equation satisfied by the MII and the autocorrelation function of a Jones matrix is described. © 2003 Optical Society of America OCIS codes: 060.2270, 060.5530. Over the past decade, polarization mode dispersion (PMD) has emerged as one of the primary obstacles to achieving ultrahigh-data-rate communication systems. As the bandwidth of transmitted signals grows, high-order effects of PMD become increasingly more significant. PMD is a unitary linear phenomenon, and as such it has no effect on the power spectrum of the propagating signal. In contrast, in the time domain PMD can significantly vary the instantaneous intensity distribution and cause pulse broadening and pulse distortion. Quantifying this time-domain redistribution of energy is important for understanding of the effect of PMD on the performance of f iber-optic communications systems. For example, information about the properties of the waveform distortion is important for accurate Q-factor estimation.
1
The random nature of PMD necessitates the use of statistical tools for its description. Indeed, many statistical properties of PMD have been studied in the literature. In most cases the analysis was based on a frequency-domain representation of PMD. It has been established that, for f ibers much longer than the mode-coupling characteristic length, the components of the PMD vector are normally distributed, and the differential group delay (DGD) is a Maxwellian random variable. 2 Treating the PMD descriptors as random processes in the frequency domain has led to the determination of autocorrelation functions (ACFs) of the PMD vector and the DGD. 3 -5 The ACF of the PMD vector was utilized to express the statistical average of the rms broadening of pulses in terms of the pulse length and the mean of the squared DGD. 3 Another important statistical property of PMD that was recently derived is the ACF of a Jones matrix. 6 Whereas the statistical properties of frequency-domain descriptors of PMD have been studied extensively, statistical analyses that treat PMDinduced distortion as a random process in time are rare. Such an approach offers significant physical insight into the statistical effects of PMD and complement the well-established frequency-domain theory. In this Letter a time-domain property of PMD, the mean instantaneous intensity (MII), is described. MII is def ined as the instantaneous intensity of the optical field, averaged over an ensemble of random PMD fibers. It is shown, for the first time to the author's knowledge, that the MII and the frequency ACF of a Jones matrix satisfy a Fourier-transform relation that is similar to the Wiener-K hinchin relation between the power spectrum of a random process and its time autocorrelation. Let the electric field propagating inside a single-mode fiber be denoted E͑t, z͒. The MII of the f ield is def ined as I ͑t, z͒ ϵ ͗E y ͑t, z͒E͑t, z͒͘, where ͗ ? ͘ denotes ensemble averaging. Assuming that E͑t, z͒ has f inite energy, it can be expressed in terms of its Fourier transform as E͑t, z͒ R2`Ẽ ͑v, z͒exp͑2jvt͒dv. Denoting by T͑v, z͒ the Jones matrix of a section of the f iber extending between the input and point z, we can express I ͑t, z͒ as
Here G͑v, Dv; z͒ ϵ ͗T y ͑v, z͒T ͑v 1 Dv, z͒͘ is the ACF of T ͑v, z͒. To derive an expression for the evolution of I ͑t, z͒ we model the fiber as a concatenation of n statistically independent birefringent sections of length Dz.
3,4
The birefringence vector in each section is assumed to be linear in frequency and is expressed as vb 0 Dz, where the prime describes differentiation with respect to frequency and b 0 is frequency independent. Notice that the birefringence at v 0 is zero. This value can always be obtained with a proper coordinate transformation. The orientation of b 0 ,b 0 is uniformly distributed on the Poincaré sphere, and the magnitude jb 0 j is the same in all sections. The value of jb 0 j can be determined from the constraint that ͗Dt 2 ͘ njb 0 j 2 Dz 2 , where ͗Dt 2 ͘ is the mean square of the total DGD of the f iber and n is the number of birefringent sections. 3 This gives jb 0 jDz p hDz, where h ϵ ͗Dt 2 ͘͞L is the mean-square DGD per unit length. The variation in T ͑v, z͒ that is due to transmission through one birefringent section can be expressed as
where s is a cyclic permutation of the common Pauli spin vector as def ined in Ref. 9 . Using Eq. (2) and the def inition of the ACF of a Jones matrix, we obtain
Inasmuch as T ͑v, z͒ describes the transmission through a section between the input and point z, it is statistically independent of the birefringence of the additional section. Thus exp͓2 1 /2 jDv͑b 0 ? s ͒Dz͔ can be averaged first:
where I is the identity matrix and the uniform distribution ofb 0 was used. Substituting Eq. (4) into Eq. (3) results in G͑v, Dv; z 1 Dz͒ cos͑ 1 /2 Dvjb 0 jDz͒G͑v, Dv; z͒ .
Because G͑v, Dv; 0͒ I and the factor cos͑ 1 /2 Dvjb 0 jDz͒ is independent of v, it is clear from Eq. (5) that G͑v, Dv; z͒ is stationary in v, i.e., that G͑v, Dv; z͒ G͑Dv; z͒. It is also evident that G͑Dv; z͒ is proportional to the identity matrix and thus can be written as G͑Dv; z͒ g͑Dv; z͒I. Thus the ACF of the Jones matrix of a f iber that is affected with PMD is completely determined by the scalar function, G͑Dv; z͒. Equation (1) now becomes I ͑t, z͒ Z2`I ͑Dv; 0͒g͑Dv; z͒exp͑2j Dvt͒dDv ,
where I ͑Dv; 0͒ ͑1͞2p͒ R2`I ͑t; 0͒ exp ͑ jDvt͒dt. Equation (6) states an important relation: The MII and the frequency ACF of the Jones matrix weighted by the frequency autocorrelation of the input f ield are Fourier pairs. This relation is the inverse of the well-known Wiener-Khinchin relation, which states that the power spectrum of a random process and its time autocorrelation are Fourier pairs. 7 Using Eq. (6), we can now express the mean instantaneous intensity at z 1 Dz as 
This is a diffusion equation that, given boundary conditions I ͑t, 0͒, can be solved analytically to yield
where ≠ denotes time-domain convolution. A Fourier transform of Eq. (10) gives g͑Dv; z͒, which determines the ACF of the Jones matrix:
This result is in agreement with Ref. 6 , in which a different approach was used to arrive at the same result. At fiber output ͑z L͒, the only free parameter in Eqs. (10) and (11) is ͗Dt 2 ͘, extending the results in Refs. 3 -5 with respect to the role of ͗Dt 2 ͘. To check the theoretical results and to demonstrate the effect of PMD on the MII, a numerical simulation was performed. An ensemble of 1000 random fibers, each with 350 segments of linear birefringence, was prepared. The birefringence vectors of the segments were generated with their orientations uniformly distributed on the Poincaré sphere. The magnitudes of the birefringence vectors were Maxwellian random variables. The mean of these variables was chosen such that the mean DGD would satisfy p ͗Dt 2 ͘ T p ͞2, where T p is the pulse width. The MII at different points along the fiber that corresponds to a slightly filtered square pulse at the input was found. The simulated and theoretical MIIs of the output pulses for different propagation lengths are plotted in Fig. 1 . The corresponding ACFs g͑Dv; z͒ together with the theoretical prediction are plotted in Fig. 2 . Good agreement between the theory and the simulation can clearly be seen.
The MII can be used in performance analysis of communication systems. In particular, the width of the mean pulse is an important parameter. The width of a pulse can be def ined as the centered second moment of the instantaneous intensity. 10 For a Gaussian pulse at the input it can be shown, from Eq. (10) , that the PMD-induced broadening of the MII at the f iber end is given by ͗Dt 2 ͘͞4. It is interesting to compare this result with the mean pulse width given in Ref. 3 . There the second centered moment is calculated and the result is averaged over the ensemble. Because the operations of ensemble averaging and calculation of the centered moment do not commute, the result is different from the result obtained here. The difference is in the contribution of the first moment to the pulse width. Whereas in the study reported here the spread in the first moment adds to the width of the mean pulse, in Ref. 3 the first moment was substracted from the second moment before the ensemble averaging was performed, resulting in a smaller mean pulse width. However, for pulses much shorter than ͗Dt 2 ͘, for which the noncentered second moment is dominant compared to the f irst moment, the expression in Ref. 3 reduces to ͗Dt 2 ͘͞4. Another possible application of the MII is a simple measurement technique of ͗Dt 2 ͘ is systems in which the group-delay frequency prof ile is either f lat or known. The technique is based on launching pulses at different carrier frequencies into a PMD medium and measuring the corresponding output pulses. The measured pulses are used to estimate the output MII, which is then used for evaluation of the propagation kernel [Eq. (10) ] from which ͗Dt 2 ͘ is directly obtained.
In conclusion, it has been shown, for the first time to the author's knowledge, that the MII is related to the frequency ACF of a fiber's Jones matrix through a Fourier transformation. The diffusion equation satisfied by the MII in fibers affected by PMD and the corresponding autocorrelation function were found by use of a novel derivation. A computer simulation was used for checking and demonstrating the results. The MII can be used in performance analysis of optical communication systems and for a simple time-domain measurement of the mean DGD.
